In this paper, a class of multi-input/multi-output aeroelastic systems with unstructured nonlinear uncertainty is considered. By using leading-and trailing-edge control surface actuations, a continuous robust controller is proposed to suppress the aeroelastic vibrations of a nonlinear wing-section model with plunging and pitching degrees of freedom. Under a mild restriction that the system uncertainties are second-order differentiable, the control design yields a semiglobal asymptotic stability result, leading to rapid suppression of the plunging and pitching motions. Numerical simulation results demonstrate the performance of the multi-input/multi-output continuous robust control toward suppressing aeroelastic vibration and limit cycle oscillations at pre-and postflutter flight-speed regimes, even in the presence of bounded unknown external disturbance. 
Nomenclature a = nondimensional distance from midchord to elastic axis b, s = semichord and wing-section spans, m C l , C m = rate of change of lift and moment with regard to angle of attack, 1=rad C m eff = rate of change of effective moment with regard to angle of attack, 1=rad C l , C m = rate of change of lift and moment with regard to trailing-edge control surface deflections, 1=rad C m eff = rate of change of effective moment with regard to trailing-edge control surface deflections, 1=rad C l , C m = rate of change of lift and moment with regard to leading-edge control surface deflections, 1=rad C m eff = rate of change of effective moment with regard to leading-edge control surface deflections, 1=rad c h = structural damping coefficients in plunging, kg=s c = structural damping coefficients in pitching, kg m 2 =s e 1 , e 2 , r, z = tracking error, filtered tracking error, and composite error signals h = plunging displacement, m h, f, G s = system drift vectors and input gain matrix I = inertia of wing section about elastic axis, kg m 
I. Introduction
A CTIVE aeroelastic control and flutter suppression of flexible wings have been a fervid topic of investigation by numerous researchers. A number of contributions related to the topic are discussed at length in [1] [2] [3] [4] [5] [6] . Among the latest active control methodologies, adaptive and robust control of nonlinear aeroelastic models was presented in [5] , the -method for robust aeroservoelastic stability analysis in [7] , gain scheduled controllers in [8] , and neural and adaptive control in [9] . Linear control theory, feedback linearizing techniques, and adaptive control strategies have been derived to account for the effect of nonlinear structural stiffness [10] . A model reference variable structure adaptive control system for plunge-displacement and pitch-angle control has been designed using bounds on uncertain functions [11] . This approach yields a high-gain feedback discontinuous control system. In [12] [13] [14] , an adaptive design method for flutter suppression has been adopted while using measurements of either or both of the pitching and plunging variables. Results in [15] demonstrated that the proposed full state feedback active control mechanism with an estimator was efficient by using a typical section with leading-and trailing-edge flaps. Disturbance rejection, gust alleviation, and flutter suppression were also demonstrated in the experimental investigations.
In [16] , an adaptive backstepping design technique was used to control the pitch angle with only output measurements. In [17] , an adaptive control strategy was proposed using only the feedback for the pitching variable. Its performance toward suppressing flutter and limit cycle oscillations (LCOs), as well as reducing the aeroelastic response in the subcritical flight-speed regime was also demonstrated. Lee and Singh [18] designed a robust control law for the global regulation of a two-degree-of-freedom (2-DOF) aeroelastic system. The model had polynomial type structural nonlinearity and only the pitch angle was measured for feedback. It was also assumed that all the system parameters were unknown to the designer, whereas the bounds of uncertainties were assumed to be known in the control design. Another robust control strategy for active flutter suppression of a nonlinear 2-D wing-flap system was introduced in [19] . An optimized state feedback robust stabilizer with a proportionalintegral observer (PI-observer) was designed in which the PIobserver was adopted to estimate both the system states and the bounds of the nonlinearities in the aeroelastic system. Based on the immersion and invariance approach, the adaptive control design problem for aeroelastic wing sections with structural nonlinearity was solved in [20] .
Several control algorithms were proposed in [21] [22] [23] for the 2-DOF aeroelastic system, which efficiently improved the performance through an extension to a wing section with both trailingedge control surface (TECS) and leading-edge control surface (LECS). An adaptive full state feedback control law was provided in [21] . However, only an inversion of a nominal input gain matrix was used to decouple the control inputs without considering the uncertainty. In [22] , adaptive and radial basis function neural network controllers were provided in order to compensate for the system nonlinearity and compared via simulation. In [23] , an output feedback adaptive control algorithm was proposed by using a backstepping technique, and an SDU decomposition (symmetricdiagonal-upper triangular factorization) was applied on the input gain matrix to design a singularity-free controller. The backstepping approach in [23] led to a very complicated control design: more than 200 parameters needed to be tuned online, due to significant overparameterization problems. In [24] , a modular output feedback controller was proposed to suppress aeroelastic vibrations on unmodeled nonlinear wing section subject to a variety of external disturbances. Although the computation load was reduced greatly in [24] compared with [23] , 82 parameters still needed to be updated online for the model-free control algorithm using a neural network approximator.
The active vibration suppression problem for the 2-DOF aeroelastic system with leading-and trailing-edge controls is formulated as an affine-in-the-control multi-input/multi-output (MIMO) system with unknown uncertainty and bounded external disturbance, and numerous progress has been reported in recent years on the control design for this kind of MIMO systems with uncertainty based on a variety of techniques and assumptions. In [25] , the highfrequency gain (HFG) matrix G was assumed to be known for the control design. In [26] , a control law was proposed that required the existence of a matrix S such that GS is positive-definite and symmetric. Based on the assumption that the HFG matrix was known, an adaptive backstepping technique was proposed for parametric strict feedback systems in [27] . In [28] , a Lyapunov-based adaptive output feedback control was designed for a general class of MIMO system with unknown constant parameters, but susceptible to singularities owing to the existence of an algebraic loop in the controller. Later, in [29] , this problem was solved by designing a singularity-free output feedback controller with parameter uncertainty. In [30] , the proposed controller yields semiglobal uniformly ultimately bounded tracking result while compensating for unstructured uncertainty in both the drift vector and the input matrix. Later, in [31] , a locally uniformly ultimately bounded result was obtained by applying an output feedback robust continuous control law for a class of MIMO system with uncertain C 2 nonlinearities; a neural network (NN)-based estimator and high-gain observer were used during the control design. Some other examples relating to NN applications in MIMO control can be found in [32] . A summary of the theory and application of robust and sliding mode control in MIMO system can be found in [33] .
In this paper, a novel MIMO continuous robust controller (i.e., C 0 ) is designed to asymptotically stabilize the MIMO aeroelastic system with unstructured nonlinear uncertainties and bounded unknown external disturbance. The result in this paper is motivated by a singleinput/single-output result presented in [34] . The challenge in extending this result to the MIMO system presented in this paper is due to the coupling of the control inputs, which causes the leadingedge flap displacement to appear as a disturbance term in the closedloop dynamics of the plunging variable. Here, this issue is addressed during the design of the trailing-edge flap displacement via use of robust control alongside a simple adaptive scheme to tackle the C 0 component of the coupling-related disturbance terms. The design of the adaptation law is facilitated by the affine-in-the-parameters structure of the uncertainties induced by the control coupling. We note here that adaptation is only carried out for the structured disturbance induced by the control coupling and is not used for the unstructured uncertainty in the system model. Specifically, given the affine-in-the-control MIMO aeroelastic system, the input gain matrix is considered to be unknown, nonsymmetric with nonzero leading principal minors. Based on limited assumptions on the structure of the system nonlinearities and external disturbance, as well as knowledge of the signs of the leading principal minors of the input gain matrix, the problem is solved using an SDU decomposition to facilitate design of singularity-free leading-and trailing-edge robust controllers. Through a Lyapunov analysis, it is possible to show that semiglobal asymptotic stability can be obtained for the tracking errors in the pitching and plunging variables. Simulation results also show that this control strategy can rapidly suppress nonlinear aeroelastic vibrations including flutter and LCOs. Compared with previous work by the authors and others, the proposed control algorithm in this paper significantly reduces the computational burden in the sense that only one parameter needs to be updated during the control implementation. Compared with the uniformly ultimately bounded result obtained in [24] by using the model-free control design with finite control gains, the robust adaptive control design in this paper is able to achieve semiglobal asymptotic stability result with finite control gains, even in the presence of unmodeled external disturbance. We also note that the proposed algorithm requires very little information on the wing-section model; only the signs of leading principal minors of the HFG matrix are needed for the control design.
The rest of this paper is organized as follows. In Sec. II, the system dynamics are introduced. Then, the control objective is defined and the open-loop error system is developed to facilitate the subsequent control design. In Sec. III, the robust feedback control design is proposed followed by a Lyapunov-based analysis of stability of the closed-loop system. Simulation results to confirm the performance and robustness of the controller are presented in Sec. IV, and concluding remarks and future outlook are provided in Sec. V.
II. Aeroelastic Model Configuration and Error System Development
A wing-section model with 2-DOF in plunging and pitching with both LECS and TECS is illustrated in Fig. 1 . The classical aeroelastic governing equations for the sectional wing subject to bounded external disturbance are developed from previous models according to [21, 35] 
All the definitions of symbols used in Eq. (1) 
where C m eff , C m eff , and C m eff are defined as follows:
Since this paper is mainly focused on the continuous robust control design for 2-D airfoils, the aerodynamic model is limited to linear quasi-steady. The structural nonlinear model accounting for pitch cubic nonlinearities is also a classical one and has been used in many archival literature contributions. The idea was to use a classical nonlinear aeroelastic model, behaving similarly to a Duffing oscillator, to infer about the effect of the control in the postcritical flutter regime, where a nonlinear LCO is experienced by the aeroelastic system. Flutter instability clearly depends upon the type of nonlinearities included in the model. The instabilities exhibited limit cycle oscillations, which might transition into divergent flutter. Cubic hardening effects result in strictly limit cycle oscillations and it is recognized that it is possible to allow the amplitude of the flutter oscillations to grow to a limiting amplitude through the introduction of nonlinear structural stiffness. Dynamic stall and trailing-edge separation using a modified Beddoes-Leishman's formulation in [36] [37] [38] will be considered in a future work.
The aerodynamic loads due to the bounded external disturbance can be given as [35] 
where w G denotes the disturbance velocity, and is a dimensionless time variable defined in the Nomenclature. Motivated by the result in [28, 30, 31] , the aeroelastic governing equations (1) can be rewritten into an input-output representation to facilitate the subsequent control design:
where x ≜ h; T 2 < 2 is a vector of system output, x and _ x are the state variables, and
denotes the control input vector. Here, hx; _ x 2 < 2 contains unstructured nonlinear uncertainties, w hd 2 < 2 represents the unknown external disturbance terms due to the contributions of the gusts (i.e., L g and M g ). It is assumed that hx; _ x is a C 2 function and
is a constant nonsingular input gain matrix explicitly defined as follows:
where
Motivated by the matrix decomposition approach introduced in [39] and the facts that both the leading principal minors g 11 and are nonzero, G s can be decomposed as G s SDU, where S is a symmetric positive-definite matrix, D is a diagonal matrix with diagonal entries 1 or 1, and U is an unknown unity uppertriangular matrix. Note that this SDU decomposition is a key factor in the proposed algebraic loop-free controller design. By using the SDU decomposition result from [23] , S, D, and U can be explicitly written as 
where the notation sign represents the standard signum function. For purposes of control design, we assume that the signs of the leading principal minors of the high-frequency gain matrix G s are known, i.e., the diagonal matrix D is assumed to be known. It is to be noted that no knowledge is assumed, during the control design, about the structure of S and U other than the fact that they are symmetric positive-definite and unity upper-triangular, respectively. After multiplying both sides of Eq. (5) with T ≜ S 1 2 < 22 , Eq. (5) can be rewritten as
where T is a symmetric positive-definite matrix, fx; _ x≜ T hx; _ x 2 < 2 , and w d ≜ T w hd 2 < 2 . The tracking error e 1 t 2 < 2 is defined as follows: where
Since the control objective is to suppress the aeroelastic vibrations, one can simply choose x d to be zero all the time or use another desirable smooth trajectory x d along which the actual pitching and plunging variables encoded by x can be driven toward the origin. Next, an auxiliary error signal e 2 t 2 < 2 and filtered tracking error rt 2 < 2 are introduced as follows:
Then, based on the above definitions, a composite error signal zt 2 < 6 can be defined as follows:
By taking the time derivative of r and substituting from the derivative of e 2 , one can easily obtain the following relation:
After premultiplying both sides of Eq. (13) by T and applying the definitions given in Eqs. (8), (9), (11), and (13) can be rewritten as T _ r Tx
:::
Furthermore, given a strictly upper-triangular matrix U D DU 2 <
22 , the open-loop dynamics of Eq. (14) can be rewritten as follows:
T _ r Tx
To facilitate the full state control design for the above open-loop dynamics, the following manipulations needs to be applied to Eq. (15):
where U _ u 2 < 2 can be explicitly expressed as
and
in Eq. (16) is defined as
N Tx
One can also demonstrate that
given the boundedness properties of x d and w d and the C 2 condition on fx; _ x. Furthermore, by using the fact that N is continuously differentiable, one can easily get the following result:
where 1 is a global invertible nondecreasing function.
III. State Feedback Control Development

A. Full State Feedback Control Design
In this section, it is assumed that both the output vector x and their first-order time derivative _ x can be measured directly. Based on the previous assumptions, the following full state feedback control law is proposed:
are both diagonal gain matrices, and I 2 < 22 is an identity matrix and is a positive constant. By taking the time derivative of Eq. (20), one can obtain
where Y 2 < andt 2 < denote a regressor and a parameter estimate, which will be defined subsequently. After substituting Eq. (21) into the open-loop dynamics (16), the following closed-loop dynamics are obtained:
where N d andÑ 1 have been previously defined in Eq. (18) . Based on Eq. (21), one can rewrite
where Y ≜ D 
where ≜ is a parameter estimation error. Motivated by the ensuing stability analysis, the adaptation law for is given as follows:
where r i is the ith element in the filtered error signal r, Y has been defined above, and Y 2 < is a positive adaptation gain. It is important to note that r 1 is unmeasurable, since it consists of _ e 2 , which depends on state variable x. Therefore, the aforementioned adaptation law for cannot be implemented directly in the full state feedback control design. However, integration by parts can be used to obtain the following measurable expression fort: 
B. Stability Analysis
To facilitate the stability analysis under the full state feedback control design, the following lemma will be used.
Lemma 1: For the following auxiliary function Qt 2 <,
if the control gain matrix is chosen as
where N d;i is the ith element in the vector N d , the following integral relation holds valid:
Proof of this lemma can be found in [34] . Theorem 1: Provided the diagonal entries of the control gain matrix K defined in Eq. (20) is chosen to be large enough relative to the size of the initial conditions, is chosen according to Eq. (28), and > 1=2, the proposed continuous robust control design ensures semiglobal asymptotic stability in the sense that the error signals e 1 ; _ e 1 t; e 1 t ! 0 as t ! 1. Proof: First, a nonnegative Lyapunov function candidate V 0 is defined as
where the nonnegative auxiliary function P can be defined as follows:
and Eq. (30) 
Then, by substituting from Eqs. (11), (24), (25), and (27), the above expression can be rewritten as 3 4 or, equivalently,
This ensures that the first parenthesized term in Eq. (37) is nonnegative. Motivated by Theorem 8.4 in [40] and the definition of y and D , the region D can be explicitly given as such that the second parenthesized term in Eq. (37) is nonnegative. Thus, it is straightforward to prove that
From Eqs. (30) and (38), it is known that V 0 2 L 1 , and it is also straightforward to see that e 1 ; e 2 ; r; 2 L 1 and _ e 1 ; 2 L 1 given Eq. (11). Then, by using (11) 
Now, one can use Theorem 8.4 in [40] to prove kzk ! 0 as t ! 1 8 y0 2 S. From Eq. (12), one can see that e 1 t; e 2 t; rt ! 0 as t ! 1. Note that e 2 t; rt ! 0 as t ! 1 further implies that _ e 1 t; e 1 t ! 0, as t ! 1 by using Eq. (11). Also note that region of attraction S in this problem can be made arbitrarily large to include any initial condition through choosing a large enough control gain. The above facts imply that our stability result is semiglobal.
Remark 1: When only measurements available are the pitching and plunging displacements, the remaining states are estimated through the use of a high-gain observer (HGO). When xt is the output of the system and the only measurable state vector, the sole measurable error signal is e 1 t given the knowledge of xt and x d t. Motivated by the result in [40] , an estimate for the error signalsê 1 andê 2 can be obtained via the following HGO:
where i 2 < 8 i 1; 2; 3 are gain constants and is a small positive constant. Note that in this paper, onlyê 1 andê 2 are used in the output feedback control design. To suppress the peaking phenomenon due to using HGO, we modify the full state control design in Eq. (20) to an output feedback saturated controller as u s t satfuê 1 ;ê 2 g, where sat denotes the standard saturation function and saturation is applied outside an appropriately defined compact set for the control input u. For details of the stability analysis of the output feedback control design, the reader is referred to [40] . Also note that the forced saturation is applied to the proposed control law if and only if a strictly output feedback controller is used, i.e., if only e 1 is available and _ e 1 (and consequently e 2 ) is immeasurable. Remark 2: Since HGO is basically an approximate differentiator, thus we can expect that the measurement noise and unmodeled highfrequency sensor dynamics will put a practical limit on how small the observer gain could be chosen. On the other hand, the observer gain must be chosen as small as possible in order to achieve faster speed of convergence of the observer. Thus, there is a tradeoff between the converging speed of the estimate to the true state and the noise amplification in the presence of noise. Therefore, it is better to avoid use of the estimated rt directly for control implementation, since it would be more sensitive to noise based on the high gain 3 = 3 as compared with the much lower gains 1 = and 2 = 2 used to obtain e 1 andê 2 as seen in Eq. (39) . Finally, we would also like to clarify that the observation ofr (even though it is not used directly in the output feedback controller) is necessary to implement the observation ofê 2 (and subsequentlyê 1 ) and as can be seen from the second equation in Eq. (39).
IV. Simulation Results
A. Wing-Section and Disturbance Model
In this section, simulation results are presented for a nonlinear 2-DOF aeroelastic system controlled by leading-and trailing-edge flaps and subjected to external disturbances. The nonlinear wingsection model is simulated using the dynamics of Eqs. (1) and (2) . The model parameters used in the simulation are the same as used in [21] and listed in Table 1 , and a block diagram for the controller is shown in Fig. 2 .
Similar to [21, 23] , the desired trajectory variables x d , _ x d , and x d are simply selected as zero. The initial conditions for pitch angle t and plunge displacement ht are chosen as 0 5:729 deg and h0 0 m, and all other variables _ ht, _ t, ht, and t are initially set to zero. The initial parameter estimate0 is set to 2 and U 12 3:082, according the model and parameters listed in Table 1 . Both the leading-edge t and trailing-edge t flaps are constrained to vary from 15 deg. For the numerical example, the 
where ! 0:5 rad=s, w 0 0:047 m=s in preflutter speed, and w 0 0:07 m=s in postflutter speed. Based on our previous work [24] , the proposed controller can only compensate the disturbance signal whose magnitude is under certain threshold, since both t and t flaps are constrained to vary between u b 15 deg. Any disturbance larger than that threshold would result in alternate equilibria away from the origin. Hence, in order to show the proposed robust controller can compensator the unknown disturbance, the size of the disturbance can not be arbitrary large.
Another type of external disturbance is modeled as a triangular gust, whose velocity distribution w G can be given as
where H denotes a unit step function and G U 1 t G =b given t G 0:25 s. This triangular gust lasts 0.5 s from t 0 to 0.5 s. w 0 0:7 m=s in both pre-and postflutter speeds. This type of disturbance is tested in order to demonstrate the performance of the proposed controller under a large ephemeral disturbance that is not C 2 smooth and can not be suppressed all the time.
B. Controller Implementation
To account for the integral windup problem stemmed from integration of the error signal in the proposed controller and saturation on control signals, a simple antiwindup law is applied to the integrated terms as follows:
where 
where _# a denotes the actual auxiliary signal used in Eq. (26) . g denotes the auxiliary saturation gains. u i is the ith element in u. The auxiliary saturation gain and adaptation gain are selected as g 0:1 and Y 0:01. The parameters for the controller in pre-and postflutter conditions are listed in Table 2 .
C. Results
In this section, simulation results for a 2-D wing-section model under the proposed control are presented. When no external disturbance is considered, Fig. 3 shows the open-loop and closedloop responses of wing-section model at preflutter speed U 1 8 m=s < U F 11:4 m=s. In Fig. 3b , one can easily see that the proposed control law successfully drives the plunge and pitch displacements to zero within 2 s. Note that the controller is turned on at t 0 s. This test was conducted to evaluate the reaction time and control surface displacement characteristics, even if in preflutter speed condition the response will be damped without control actuation. In Fig. 3b , the plunge and pitch dynamics are rapidly controlled, within 2 s, although the LECS saturates and both flaps will continue operation for about 4.5 s. This phenomena might need to be further investigated as to evaluate the energy expended to operate the control surfaces, and optimization can be carried out to minimize it. Figure 4a and 4b compare the open-loop and closed-loop responses of the system at postflutter speed U 1 13:28 m=s> U F 11:4 m=s; in the absence of any control input, LCOs are experienced due to the nonlinearities in the system model. The control is turned on at t 5 s in Fig. 4b . As one can see from Fig. 4b , the pitching displacement converges to zero in less than 2 s, whereas it takes a little longer time to suppress the plunging displacement oscillations.
Under a small sinusoidlike gust, with w 0 0:047 m=s at both preflutter speed and w 0 0:07 m=s at postflutter speed, the closedloop responses of the system are represented in Fig. 5 . The control is turned on at t 0 s in Fig. 5a and t 5 s in Fig. 5b . Compared with Figs. 3b and 4b, one can see that it takes nearly the same time (2 s) for the controller to suppress the pitching and plunging displacements, even in the presence of a sustained external disturbance. One can also clearly see that the control signal is able to compensate for the sinusoidal disturbance injected into the wing-section model.
The closed-loop responses of the system under a large triangular gust (w 0 0:7 m=s) are represented in Fig. 6 at both pre-and postflutter speeds. Note that this triangular gust is not C 2 smooth and it can not be compensated all the time under current wing-section model by a limited control signal. From Fig. 6a , one can see that the proposed controller can suppress the pitching and plunging displacements in 4 s at preflutter speed. It is also clearly to see that it takes less than 3 s at postflutter speed for the pitching and plunging displacements to converge to zero. Note that in this case, the control is turned on at t 0 s at both pre-and postflutter speeds.
V. Conclusions
In this paper, a continuous robust feedback controller has been proposed to suppress aeroelastic vibrations on an unmodeled nonlinear plunging and pitching wing section in pre-and postflutter conditions and subjected to external disturbance. The control strategy is implemented via leading-edge () and trailing-edge () control surfaces. By using a Lyapunov-based method for design and analysis, a semiglobal asymptotic stability result on the tracking error is obtained. To account for the integral windup problem generated from the integration of the error signal present in the proposed controller, along with the saturation of the control signals, a simple antiwindup law is implemented. Simulation results under different operating conditions and disturbance loading show the efficacy of the control design.
In future work, an unsteady model based on Theodorsen's function or the corresponding time-domain Wagner indicial function will be considered to describe the aerodynamics with the lag effects. However, the leading and trailing edges with their potential nonlinear flow characteristics that will lead into flow separation and stall might require experimental empirical corrections, and this model is not currently available. Work is in progress to account for dynamic stall and trailing-edge separation using a modified Beddoes-Leishman's formulation. Furthermore, future work will also rigorously consider the effects of actuator saturation and the antiwindup mechanism in the stability analysis.
